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We examine continuous-variable gate teleportation using entangled states made from pure prod-
uct states sent through a beamsplitter. We derive the Kraus operator that includes the resulting
teleported gate, which can be used to realize non-Gaussian, non-unitary quantum operations on
an input state. With this result, we use gate teleportation to perform error correction on bosonic
qubits encoded using the Gottesman-Kitaev-Preskill code. This result is presented in the context
of deterministically produced macronode cluster states, generated by constant-depth linear optical
networks, supplemented with a probabilistic supply of GKP states. The upshot of our technique is
that state injection for both gate teleportation and error correction can be achieved without active
squeezing operations—an experimental bottleneck for quantum optical implementations.
I. INTRODUCTION
Recent strides in the experimental generation of
continuous-variable (CV) cluster states [1–3] prove that
the use of CV measurement-based quantum computing
(MBQC) is one of the most promising methods of achiev-
ing fault-tolerant universal quantum computing. MBQC
utilises a highly entangled resource—known as a cluster
state—as its substrate for quantum computing [4] and
only requires adaptive local measurements on the cluster
state to implement quantum gates.
Constructing cluster states using bosonic modes has
the advantage of deterministic entanglement generation
using linear optics and is highly scalable [5]. Unfortu-
nately, computation with CV cluster states is burdened
by intrinsic noise due to finite energy constraints [6]. De-
spite this, CV MBQC on a cluster state generated from
squeezed states meeting a threshold of 15-17 dB of mea-
sured squeezing is fault-tolerant [7]—provided it is sup-
plemented with a source of high-quality bosonic qubits.
Furthermore, this squeezing threshold is not affected by
decoherence that manifests as anti-squeezing [8].
CV cluster states are multi-mode Gaussian states of
light specified by a complex-weighted graph [9]. The
states originally considered in Refs. [10, 11] possessed
simple graphs (e.g., a 2D square lattice); however, known
methods for their generation require either inline squeez-
ing (active transformations on states other than the vac-
uum) or a linear optics network that grows with the sys-
tem size. Related states with a multi-layered graph struc-
ture can be generated in a more experimentally feasible
way with circuits consisting of offline squeezing and lo-
cal constant depth linear optics [2, 3, 5, 12–17]. Such
states have been generated on a large scale, both in one
[1, 18, 19] and two dimensions [2, 3]. MBQC on these
multi-layered states respects the tensor product struc-
ture of macronodes, with physical lattice sites made up
of one mode from each layer [6, 20].
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Figure 1. Schematic of a macronode wire, which is a chain
of maximally entangled pairs (modes connected by beamsplit-
ters) that meet at two-mode sites called macronodes. Homo-
dyne measurements at each macronode (in an entangled basis
realized by an additional beamsplitter) teleport quantum in-
formation along the macronode wire (from right to left). In
this work, we replace each entangled pair with an ancillae
state consisting of two arbitrary states, |ψ〉 and |φ〉, coupled
on a beamsplitter. This realizes a teleported CV gate that de-
pends on the ancillae state. A single instance of this CV gate
teleportation, which we call the teleportation gadget, is en-
closed in the dashed box. The corresponding circuit diagram
is given in Fig. 2.
The fundamental primitive of CV MBQC schemes with
multi-layered graphs is CV teleportation [21, 22]. Gaus-
sian homodyne detection teleports quantum information
from one node to another with a fidelity depending on the
quality of the shared entanglement between the nodes.
Ideally, nodes share a maximally entangled EPR state,
which allows for perfect teleporation. Up to local phase
delays, macronode CVCSs are indeed just a collection of
approximate EPR states stitched together at macronodes
by EPR-basis measurements (50:50 beamsplitter followed
by dual homodyne). Gaussian CV MBQC schemes go
further than simple teleportation by leveraging measure-
ments in rotated homodyne bases that realize Gaussian
operations on the teleported state. This was recently
demonstrated in Ref. [23].
In this work, we provide a method to go beyond Gaus-
sian operations by replacing each entangled pair with a
more general state—two arbitrary pure states coupled
on a beamsplitter, see Fig. 1. If either (or both) of
these states is non-Gaussian, teleportation can realize a
non-Gaussian gate, extending multi-mode Gaussian re-
sources to universal resources for quantum computation.
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2This approach is compatible with a wide variety of non-
Gaussian resources [24–27] and does not require active
squeezing operations (such as squeezing or CZ gates),
making it convenient for conventional quantum optics se-
tups.
We apply our analysis to a particular example: gate-
teleported error correction of the Gottesman-Kitaev-
Preskill (GKP) code. GKP states allow encoding of
digital quantum information in the continuous Hilbert
space of a CV mode [28]. Remarkably, this single non-
Gaussian resource extends multi-mode Gaussian compu-
tation to universal and fault-tolerant quantum computa-
tion [29, 30]. GKP states have recently been realized in
trapped ion systems [31] and superconducting qubit ar-
chitectures [32], and multiple novel approaches have been
proposed for their generation in optics [33–38]. We show
that teleporting through entangled pairs made from a
probabilistic source of GKP grid states implements GKP
error correction.
Thus, the entire scheme for universal and fault-tolerant
quantum computing consists only of offline preparation of
GKP and squeezed vacuum states, constant-depth linear
optics, and homodyne detection. This is an improvement
over prior proposals that require active transformations
to combine GKP states with CV cluster states [7, 16,
39]. Finally, we note that our analysis extends to higher
dimensional CV cluster states that have two- and three-
dimensional structure.
II. MACRONODE-BASED CV CLUSTER
STATES
A continuous-variable cluster state (CVCS) is a large,
Gaussian state across many modes that can serve as a re-
source for CV teleportation [10] and measurement-based
quantum computing (MBQC) [7]. Canonical CVCS are
constructed using eigqˆ⊗qˆ interactions to successively en-
tangle momentum eigenstates, and Gaussian homodyne
measurements of the modes are used to teleport and en-
act Gaussian operations on encoded information [10].
An alternative construction employing constant-depth
passive elements (beamsplitters and phase delays) and
finitely squeezed states, called a macronode CVCS, pro-
vides a blueprint for experimental generation of a CVCS
[6] that makes better use of the fundamental quantum
resource in such states: squeezing [40, 41]. Here, two-
mode squeezed states are generated using beamsplit-
ters; these entangled pairs can then be coupled to oth-
ers using more beamsplitters to create macronode CVCS
with more complicated structures. In this construction,
certain collections of physical modes are grouped into
macronodes, across which logical encoded information is
distributed nonlocally. Processing the information within
a macronode requires homodyne measurement of its con-
stituent physical modes.
The smallest nontrivial macronode CVCS, themacron-
ode wire (see figure 1), has two modes per macronode.
Larger and more complex macronode CVCSs contain
more modes per macronode [2, 3, 17] but can be viewed
quantitatively as tools to route information along con-
figurable macronode wires [20]. Macronode wires have
been generated experimentally from both temporal and
spectral modes [1, 18, 19] and recently adaptive homo-
dyne measurements have been used to implement Gaus-
sian operations on a temporal-mode macronode wire [23].
A. Structure of a macronode wire
A macronode-based CV cluster state [13] differs from
a canonical one [10, 11] by the fact that multiple modes
occupy one logical site within the overarching graph rep-
resenting the entanglement structure of the state. (For
further details, see Ref. [13].) These modes are logi-
cally grouped together and referred to as a macronode
to emphasise that it comprises multiple “micronodes”,
each of which is an individual mode. All of the ex-
periments demonstrating large-scale continuous-variable
cluster states have generated macronode-based cluster
states [1–3, 18, 19, 23].
In what follows, we use the following notation to de-
scribe the individual modes within a macronode-based
CV cluster state. For each local mode a, we define the
position and momentum quadratures, qˆ = 1√
2
(aˆ+aˆ†) and
pˆ = −i√
2
(aˆ − aˆ†), respectively, satisfying [qˆ, pˆ] = i. This
means that the vacuum variance in both quadratures of
any mode is
〈
qˆ2
〉
vac =
〈
pˆ2
〉
vac = 1/2, which can be in-
terpreted as equivalent to the convention that ~ = 1.
Each quadrature has an associated set of eigenstates,
|s〉q and |t〉p, satisfying qˆ|s〉q = s|s〉q and pˆ|t〉q = t|t〉p.
Information in a one-dimensional macronode-based CV
cluster state is encoded in the distributed symmetric
(+) and antisymmetric (−) subspace of the two local
modes in a single macronode, arising from a change in the
tensor-product structure due to the beamsplitter trans-
formation coupling the two modes prior to the final mea-
surements [6]. The balanced beamsplitter convention we
use here,
Bˆjk := e
−ipi4 (qˆj⊗pˆk−pˆj⊗qˆk), (2.1)
generates the distributed quadrature operators at each
macronode:
qˆ± := 1√2 (qˆa ± qˆb) (2.2)
pˆ± := 1√2 (pˆa ± pˆb). (2.3)
Specifically, Bˆab(qˆa, qˆb, pˆa, pˆb)Bˆ
†
ab = (qˆ+, qˆ−, pˆ+, pˆ−), re-
spectively. Note that the beamsplitter we use is not sym-
metric; Bˆkj = Bˆ
†
jk 6= Bˆjk. A macronode wire is a chain of
entangled pairs, meeting at sites known as macronodes,
shown in Fig. 1. Measuring the modes in each macronode
implements a string of sequential teleportations (from
right to left in the figure). For more information, see
Ref. [5, 6].
3B. Measurement-based CV computation with a
macronode CVCS wire
In an ideal setting, measurement-based computing
with a macronode CVCS begins by preparing every local
mode in either a position or a momentum eigenstate, |0〉q
or |0〉p. Pairs of adjacent modes are first coupled with
a beamsplitter to generate infinitely squeezed two-mode
squeezed states of the form:
B↓
|0〉pa
Bˆab|0〉pa ⊗ |0〉qb = |0〉qb
(2.4)
In circuit diagrams (which we use extensively below), the
arrow on the beamsplitter in Eq. (2.1) points from mode
j to mode k. In physical settings, quadrature eigenstates
are replaced by their finite-energy, squeezed approxima-
tions, which will be discussed in Sec. III A 1.
Homodyne measurements of a macronode’s two con-
stituent local modes (followed by outcome-dependent dis-
placements) teleport a state encoded in the symmetric
mode of that macronode to the symmetric mode of the
next macronode. The macronode wire’s utility for quan-
tum information processing arises from the fact that mea-
suring in rotated bases over two successive macronodes
additionally implements any single-mode Gaussian uni-
tary gate [6]. The essentials of this procedure are outlined
below.
We define a rotated momentum quadrature,
pˆθ := Rˆ
†(θ)pˆRˆ(θ) = −qˆ sin θ + pˆ cos θ , (2.5)
where the phase-delay operator
Rˆ(θ) := eiθaˆ
†aˆ (2.6)
generates an anti-clockwise rotation by θ in phase space.
A measurement of pˆθ, realized via homodyne detection,
with outcome m corresponds to a projection onto the
quadrature eigenstate,
|m〉pθ := Rˆ(θ)|m〉p . (2.7)
Measuring both local modes in a single macronode in
rotated momentum quadratures given by measurement
angles θa and θb teleports the state to the next macronode
and implements the following Gaussian unitary operation
[15],
Vˆ (θa, θb) := Rˆ(θ+)Sˆ(tan θ−)Rˆ(θ+), (2.8)
preceded by an outcome-dependent displacement Dˆ(µ),
where µ = ma+imb, that can be corrected with Gaussian
shifts. The parameters θ± = 12 (θa ± θb) are symmetric
and antisymmetric combinations of the measurement an-
gles, and we define a (nonstandard) squeezing operator,
Sˆ(ζ) := Rˆ(Im ln ζ)e−
i
2 (Re ln ζ)(qˆpˆ+pˆqˆ). (2.9)
This is just an ordinary squeezing operator with squeez-
ing parameter r = ln |ζ| generalized to allow negative val-
ues of ζ, which can arise in Eq. (2.8). For ζ < 0, Eq. (2.9)
describes squeezing followed by a pi phase delay, which is
equivalent to a double Fourier transform or a parity oper-
ation.1 Note that this operator produces squeezing (and
conjugate antisqueezing) along the principal position and
momentum axes; squeezing other quadratures is achieved
by following this operator by a phase delay, Eq. (2.6).
Measurement of two consecutive macronodes (labeled
1 and 2), requiring four homodyne measurements, applies
the following operator to an encoded input state:
Vˆ2(θa2 , θb2)Vˆ1(θa1 , θb1) = Rˆ(θ+2)Sˆ(tan θ−2)Rˆ(ϕ),
(2.10)
where ϕ = θ+2 +2θ+1 , and the difference in measurement
angles on the first macronode is chosen to satisfy θ−1 =
pi
4 . Equation (2.10) is the Bloch-Messiah decomposition
of a general Gaussian unitary; see Ref. [6] for further
details. Thus, a choice of four homodyne measurement
angles in the macronode wire is sufficient to implement
any single-mode Gaussian unitary on an input state.
C. Connection to maximally entangled EPR states
In the ideal macronode CVCS construction, the an-
cillae state is composed of local modes, shared between
macronodes, prepared in 0-momentum and 0-position
eigenstates, Eq. (2.4), and then coupled on a beamsplit-
ter. Here, we show that the resulting state is a member of
a complete set of maximally entangled two-mode states.
Position and momentum eigenstates each form a res-
olution of the identity over a single mode, thus it is
straightforward to construct a tensor-product represen-
tation of the identity across two modes. Consider the
following tensor-product basis,
Iˆ1 ⊗ Iˆ2 =
∫∫
ds dt |t〉p1p1〈t| ⊗ |s〉q2q2〈s| . (2.11)
Any unitary transformation on this expression also gives
a resolution of the identity and produces a new, typically
entangled, basis. Specifically, we consider the unitary
e−iqˆ⊗pˆ, which serves as the CV analog to a CNOT gate
[42], to define a complete set of shifted maximally entan-
gled EPR states,
|EPR(s, t)〉 :=e−iqˆ1⊗pˆ2 |t〉p1 ⊗ |s〉q2 , (2.12a)
=
1√
2pi
∫
dr eirt |r〉q1 ⊗ |s+ r〉q2 , (2.12b)
satisfying 〈EPR(s, t)|EPR(s′, t′)〉 = δ(s−s′)δ(t−t′). The
set of shifted EPR states resolves the identity over two
1 This squeezing operator is designed such that Sˆ†(ζ)qˆSˆ(ζ) = ζqˆ
and Sˆ†(ζ)pˆSˆ(ζ) = ζ−1pˆ for all ζ ∈ R.
4modes,
Iˆ1 ⊗ Iˆ2 =
∫∫
ds dt |EPR(s, t)〉〈EPR(s, t)| , (2.13)
comprising an entangled two-mode basis that comple-
ments the tensor-product basis above, Eq. (2.11).
The states in Eq. (2.12) can also be written as mo-
mentum shift, Zˆ(t) := eitqˆ, and a position shift, Xˆ(s) :=
e−ispˆ, across the two modes as
|EPR(s, t)〉 = Zˆ1(t)Xˆ2(s) |EPR〉 , (2.14)
where |EPR〉 := |EPR(0, 0)〉, is a canonical EPR state,
with position-position representation,
|EPR〉 := 1√
2pi
∫
dr |r〉q2 ⊗ |r〉q1 . (2.15)
This state, being perfectly correlated in position and per-
fectly anti-correlated in momentum, is the continuous-
variable analog of the Bell state |Φ+〉 = 1√
2
∑
j=0,1 |j〉 ⊗
|j〉. In circuit form, we write
• |0〉p|EPR〉 := |0〉q
=
1√
2pi
I
(2.16)
Note that we use the convention that quantum circuits
proceed in time from right-to-left, such that a circuit-
description of a state respects the same ordering as its
partner equation.
1. Bouncing operators on an EPR state
An important feature of maximally entangled states is
that a local operator acting on one mode can be moved to
the other (the operator is modified in the process), and
the resulting two-mode state is identical to the original.
This operation, which we call bouncing, is described by
the circuit,
O
=
OT
, (2.17)
where Oˆ is an operator on the top mode, and OˆT (the
bounced operator) is the transpose of Oˆ taken in the
basis where the maximally entangled state is perfectly
correlated—the position-position basis for the EPR state
in Eq. (2.15).
The transposed position and momentum operators,
qˆT = qˆ and pˆT = −pˆ, can be found by computing their
matrix elements in the position basis,
qT(t,s) = t δ(t− s) = q(t,s)
pT(t,s) = i δ
′(t− s) = −p(t,s),
(2.18)
where x(t,s) := q〈t|xˆ|s〉q.2 These relations allow a straight-
forward bounce of a displacement operator,
Dˆ(α) := eαaˆ−α
∗aˆ† = ei
√
2(αI qˆ−αRpˆ) , (2.19)
with complex phase-space displacement α = αR + iαI ,
through the EPR state in Eq. (2.15):
Dˆ1(α) |EPR〉 = Dˆ2(−α∗) |EPR〉 . (2.20)
More general single-mode operators generated by powers
of qˆ and pˆ can also be bounced using Eqs. (2.18). Note
that Eq. (2.20) can straightforwardly be used to bounce
position and momentum shifts by decomposing the dis-
placement operator,
Dˆ(α) = eiαRαI Xˆ
(√
2αR
)
Zˆ
(√
2αI
)
. (2.21)
2. Entangled states on a beamsplitter
In the macronode wire, pairs of modes—one from each
neighboring macronode—are combined on a beamsplit-
ter. As we show below, this produces a shifted EPR
state, Eq. (2.12), whose entanglement lies at the heart of
continuous-variable teleportation protocols.
We start with the LDU and UDL decompositions of
the rotation matrix, respectively:
R =
(
1√
2
− 1√
2
1√
2
1√
2
)
=
(
1 0
1 1
)( 1√
2
0
0
√
2
)(
1 −1
0 1
)
=
(
1 −1
0 1
)(√
2 0
0 1√
2
)(
1 0
1 1
)
.
(2.22)
Applying these decompositions to the symplectic repre-
sentation of the beamsplitter Bˆjk [20], namely (R 00 R ),
with LDU in the top block and UDL in the bottom
one, gives the following circuit identity (up to an overall
phase):
B↓ =
• S†(√2)
S(
√
2)
,
(2.23)
where the two-mode gates are each a CV controlled-X
gate, e−igqˆj⊗pˆk (control j, target k), of weight g = ±1,
with the open circle indicating weight−1. The associated
unitary decomposition of the beamsplitter is
Bˆ12 = e
−iqˆ1⊗pˆ2 Sˆ†1(
√
2)Sˆ2(
√
2)eipˆ1⊗qˆ2 (2.24)
up to a phase.
2 The relations follow from the symmetry of the δ function and
the asymmetry of its derivative δ′(s− t).
5Consider momentum and position eigenstates, |t〉p and
|s〉q, coupled by a beamsplitter. Using the above decom-
position, the resulting entangled state is
Bˆ12 |t〉p1 ⊗ |s〉q2 = eiste−iqˆ1⊗pˆ2 Sˆ
†
1(
√
2) |t〉p1 ⊗ Sˆ2(
√
2) |s〉q2
=
√
2eiste−iqˆ1⊗pˆ2 |
√
2t〉p1 ⊗ |
√
2s〉q2
=
√
2eist |EPR(
√
2s,
√
2t)〉 , (2.25)
again up to a phase (which is irrelevant). The norm
scaling by
√
2 arises from the action of the squeezing
operator on a quadrature eigenstate:
Sˆ(ζ)|s〉q = ζ1/2|ζs〉q , Sˆ(ζ)|s〉p = ζ−1/2|ζ−1s〉p , (2.26)
where Sˆ(ζ) is defined in Eq. (2.9). The prefactor ensures
that inner products are preserved and that projectors
onto squeezed quadrature eigenstates resolve the iden-
tity when integrated over s. The net effect of these pref-
actors in Eq. (2.25) is to ensure that the completeness
relation, Eq. (2.13), holds when using the states defined
in Eq. (2.25),
Iˆ1 ⊗ Iˆ2 =
∫∫
ds dt
(
Bˆ12|t〉p1 ⊗ |s〉q2
)(
p1
〈t| ⊗ q2〈s|Bˆ
†
12
)
.
(2.27)
We keep track of this factor throughout so that the Kraus
operators we derive in Sec. III can be used to faithfully
calculate measurement probabilities.
A final manipulation of the state in Eq. (2.25) pro-
vides a useful form for the beamsplitter entangled state.
Pulling out the shifts [Eq. (2.14)], bouncing the momen-
tum shift Zˆ1(
√
2t) to the second mode [Eq. (2.20)], and
combining the two single-mode shifts into a displacement
operator [Eq. (2.21)] gives
Bˆ12 |t〉p1 ⊗ |s〉q2 =
√
2Dˆ2(s+ it) |EPR〉 . (2.28)
The circuit diagram for this relation,
B↓
|t〉p
|s〉q
=
1√
pi
D(s+ it)
, (2.29)
indicates that the beampsplitter entangled state is the
Choi state for the displacement Dˆ(s + it) (up to a fac-
tor 1√
pi
). The specific entangled state between adjacent
macronodes in Eq. (2.4), Bˆ12 |0〉p1⊗|0〉q2 =
√
2 |EPR〉, is
the Choi state [43] for the identity, which underpins its
utility for teleportation from one macronode to the next
in the standard macronode computing protocol.
III. GATE TELEPORTATION WITH THE
MACRONODE WIRE
The macronode procedure for quantum computation,
described in Sec. II B, has two fundamental components.
· · ·
B↓
· · ·
pθa
〈ma|
B↓
· · ·
pθb
〈mb|
B↓
|ψ〉
· · ·
B↓
|φ〉
· · · · · ·
Figure 2. Quantum circuit for the macronode wire in Fig. 1
with arbitrary ancillae |φ〉 and |ψ〉, which are combined on
a beamsplitter to form the ancillae state. In our convention,
circuits proceed from right to left. Inside the dashed box is
the teleportation gadget, which consists of three modes. The
first two modes, comprising a single macronode, are combined
on a beamsplitter, and then measured via homodyne detec-
tion in rotated bases. We describe these measurements as
projections onto rotated momentum eigenstates, Eq. (2.7).
This procedure teleports a state from the first mode to the
third mode with operations applied that depend on the mea-
surement bases, the measurement outcomes, and the ancillae
state.
The first is the multimode entangled state itself—the
macronode wire—and the second is the collection of ho-
modyne measurements. Both of these components are
Gaussian, which limits effective operations on an input
state to Gaussian operations. Here, we show that modi-
fying one part of this procedure, the state of the macron-
ode wire itself, allows us to implement non-Gaussian op-
erations in a gate-teleportation fashion. The general-
ized macronode procedure is shown in Figure 1. The
key difference from the standard procedure is the re-
placement of the quadrature eigenstates that comprise
a CVCS macronode wire [see Eq. (2.4)] with arbitary
pure states. Modes from adjacent macronodes are still
measured in rotated homodyne bases, with the ultimate
effect that the Gaussian operation, Eq. (2.8), is supple-
mented with an additional ancilla-state-dependent oper-
ation. This additional operation can be leveraged for
many purposes, including teleportation-based error cor-
rection on a CV-encoded qubit (using the Gottesman-
Kitaev-Preskill code), which we describe in Sec. IVA.
A. Kraus operator for generalized teleportation
We focus on the teleportation gadget within the
macronode wire, indicated in the dashed box in Fig. 2.
This gadget describes the teleportation of a quantum
state arriving from the previous macronode through the
given macronode using two homodyne measurements af-
ter a beamsplitter—an effective EPR measurement. This
teleportation is accompanied by the Gaussian operation
Vˆ (θa, θb) in Eq. (2.8), determined by the bases in which
the homodyne measurements are performed. As we show
here, a non-Gaussian and non-unitary operation can also
be applied by preparing local modes of adjacent macron-
6odes in the arbitrary pure, product state |ψ〉 ⊗ |φ〉 and
then mixing them on a beamsplitter. The entire opera-
tion is described by the Kraus operator,
Kˆ(ma,mb) := p1,θa
〈ma| ⊗ p2,θb〈mb|Bˆ12Bˆ23 |ψ〉2 ⊗ |φ〉3 ,
(3.1)
where ma and mb are the outcomes of the homodyne
measurements, and subscripts in each beamsplitter, Bˆjk,
label the modes it couples. This Kraus operator is de-
scribed by the circuit
pθa
〈ma|
B↓
in
pθb
〈mb|
B↓
|ψ〉
out |φ〉
(3.2)
Again, we use the convention that time proceeds right-
to-left in circuit diagrams. We refer to the joint state of
the last two modes, Bˆ23 |ψ〉2⊗|φ〉3, as the ancillae state.
After an input state on the top wire ρˆin traverses the
teleportation gadget as part of a macronode wire, it is
teleported to the third mode and transformed according
to the conditional map,
ρˆout =
Kˆ(ma,mb)ρˆinKˆ
†(ma,mb)
Pr(ma,mb)
, (3.3)
where the joint probability of obtaining the outcomes
{ma,mb} is
Pr(ma,mb) = Tr[Kˆ
†(ma,mb)Kˆ(ma,mb)ρˆin] . (3.4)
As the modes in the macronode wire are successively
measured, a sequence of such Kraus operators is ap-
plied to the input state, each with a set of measurement
outcomes and an applied operation depending on which
quadratures are measured and the ancillae states. It suf-
fices to consider the single Kraus operator in Eq. (3.1),
as it contains all the necessary ingredients.
The homodyne measurements on the first two modes
realize an entangled Bell-type measurement with the
extension that, by measuring rotated quadratures,
the basis-dependent Gaussian operation Vˆ (θa, θb) in
Eq. (2.8) is applied. This is described by the following
circuit identity
pθa
〈ma|
B↓
V (θa, θb)
1√
pi
D(µ)
pθb
〈mb|
=
(3.5)
where the effect of the outcomes is a displacement by
µ := ma + imb . (3.6)
We now focus on the ancillae state on the second and
third modes Bˆ23 |ψ〉2⊗|φ〉3. First, we first write the state|ψ〉⊗|φ〉 in the tensor-product basis, Eq. (2.11), using the
respective momentum and position wavefunctions,
ψ˜(t) := p〈t|ψ〉 and φ(s) := q〈s|φ〉. (3.7)
Then, we apply the beamsplitter using Eq. (2.28) to ar-
rive at an expression for the ancillae state in terms of an
operation on an |EPR〉 state,
Bˆ23 |ψ〉2 ⊗ |φ〉3 = Bˆ23
∫∫
dtds ψ˜(t)φ(s) |t〉p2 ⊗ |s〉q3
(3.8)
=
√
2Aˆ3(ψ, φ) |EPR〉 , (3.9)
The single-mode operator Aˆ(ψ, φ) arises in its Cahill-
Glauber form [44, 45], with displacements weighted by
the respective momentum and position wavefunctions of
the input states,
Aˆ(ψ, φ) :=
∫∫
d2α ψ˜(αI)φ(αR)Dˆ(α), (3.10)
for complex number α = αR + iαI . The ancillae state
can be reexpressed with the circuit identity,
B↓
|ψ〉
|φ〉
=
1√
pi
A(ψ, φ)
(3.11)
where the 1√
pi
arises in the circuit identity for the |EPR〉
state, Eq. (2.4). In this form, it is clear that the oper-
ator Aˆ(ψ, φ) is a teleported gate in the context of the
teleportation gadget [46].
Combining the circuits for the measurements, (3.5),
and the ancillae state, (3.27), we express the teleporta-
tion gadget in Eq. (3.2) as
V (θa, θb)
1√
pi
D(µ) in
out 1√pi Aˆ(ψ, φ)
(3.12)
Pulling the circuit taut,
out 1√pi Aˆ(ψ, φ) V (θa, θb)
1√
pi
D(µ) in(3.13)
allows us to read off the Kraus operator directly by virtue
of the right-to-left circuit convention,
Kˆ(ma,mb) =
1
pi
Aˆ(ψ, φ)Vˆ (θa, θb)Dˆ(µ). (3.14)
While the first two operations, Dˆ(µ) and Vˆ (θa, θb)
[Eq. (2.8)], are Gaussian, the teleported gate Aˆ(ψ, φ)
[Eq. (3.10)] can realize non-Gaussian operations when the
ancilla states, |ψ〉 and |φ〉, are themselves non-Gaussian.
In addition, the operation realized by the teleported gate
can be non-unitary. We apply this powerful tool below
to realize teleportation-based error correction of a boson-
ically encoded qubit.
71. Damped-ancillae Kraus operator
The Kraus operator, Eq. (3.14), implements operations
determined by the wavefunctions of the input ancillae
states. In macronode CVCS quantum computing, each
ancilla is prepared in a squeezed vacuum state [10] that
approximates a quadrature eigenstate to a degree that
depends on the level of squeezing. In a standard descrip-
tion, these states are described by unitarily squeezing
the vacuum state, via Sˆ(ζ) in Eq. (2.9). This gives the
squeezed vacuum state, which we write in the notation
of Ref. [10],
|0; ζ〉q :=
1
(piζ2)1/4
∫
ds e
−s2
2ζ2 |s〉q = Sˆ(ζ) |0〉 , (3.15)
where |0〉 (with no subscript) is the vacuum state, and
Sˆ(ζ) is the squeezing operator in Eq. (2.9), with squeez-
ing factor ζ. The measured variance of this state
is
〈
qˆ2
〉
= ζ2/2. ζ = 1 reproduces the vacuum state,
and the limit ζ → 0+ gives a normalized version of |0〉q.
We also define
|0; ζ〉p :=
1
(piζ2)1/4
∫
ds e
−s2
2ζ2 |s〉p = Sˆ(ζ−1) |0〉 , (3.16)
which analogously has
〈
pˆ2
〉
= ζ2/2. Note that this im-
plies that
|0; ζ〉p = |0; ζ−1〉q . (3.17)
It will be helpful to list a few important relations for
use in what follows. First, let
ζ = e−r . (3.18)
Then, in the Fock basis {|n〉}∞n=0,
|0; ζ〉q =
√
sech r
∞∑
n=0
(−1)n(tanh r)n
√
(2n)!
2nn!
|2n〉
(3.19a)
=
√
2ζ
1 + ζ2
∞∑
n=0
(−1)n
(
1− ζ2
1 + ζ2
)n √
(2n)!
2nn!
|2n〉 .
(3.19b)
Also, |0; ζ〉p is the same but without the (−1)n. Fi-
nally, by recognizing that 〈n|0〉q = ψ∗n(0), where ψn is
the nth Fock-state wave function, we can write the delta-
normalised qˆ-quadrature eigenstate in the Fock basis:
|0〉q = pi−1/4
∞∑
n=0
(−1)n
√
(2n)!
2nn!
|2n〉 , (3.20)
and similarly for |0〉p but again without the (−1)n. These
separate expressions are required because the prefac-
tor vanishes in the normalised case, Eqs. (3.19), when
ζ → 0+ (r →∞).
We now introduce an equivalent, non-unitary formu-
lation of squeezed vacuum states that ultimately yields
a convenient form for the associated macronode Kraus
operator. Moreover, this method gives a straightforward
way to include finite-squeezing noise in any state. Par-
ticularly useful cases are unphysical ideal states, such
as the GKP states introduced in Sec. (IVA), and, more
generally, any state constructed from a countable super-
position of quadrature eigenstates.
The squeezed vacuum state in Eq. (3.16) can equiva-
lently be described in terms of the non-unitary damping
operator defined by3
Nˆ(β) := e−βnˆ (3.21)
acting on an infinitely squeezed quadrature eigenstate.
To derive the precise relation, compare Eq. (3.19) with
Eq. (3.20). The only difference, aside from the normal-
isation, is a factor of (tanh r)n in the sum. This factor
can be restored by writing (tanh r)nˆ/2|0〉q. Referring to
Eq. (3.21), we see that setting tanh r = e−2β would pro-
duce the full relation
|0; ζ〉q =
1√Nζ Nˆ(β)|0〉q , (3.22)
with
β =
1
2
ln coth r =
1
2
ln
(
1 + ζ2
1− ζ2
)
. (3.23)
(Recall that ζ = e−r, as above.) The state is normalized
by setting
Nζ = 1√
pi(1− e−4β) =
cosh r√
pi
=
1 + ζ2
2ζ
√
pi
, (3.24)
which is required since Nˆ(β) is not unitary. Analogously,
|0; ζ〉p = 1√Nζ Nˆ(β)|0〉p, with the exact same relations be-
tween ζ, r, and β as shown above.
The damping operator has been used in macronode
CVCS constructions previously because it allows one
to separate the finite-squeezing effects from the ideal
quadrature eigenstates [7, 20, 47]. The damping oper-
ator can then be manipulated separately from the state
on which it acts.
This fact plays a critical role when the ancillae in the
teleportation circuit in Eq. (3.2) are described a damping
operators acting on a state,
|ψ〉 → 1√Nψ Nˆ(β) |ψ〉 (3.25)
with normalization explicitly given by,
Nψ := 〈ψ| Nˆ(2β) |ψ〉 . (3.26)
3 The damping operator can also be considered a phase delay,
Eq. (2.6), with imaginary delay angle θ = iβ.
8For identical damping on both ancillae, the joint damping
operator Nˆ(β)⊗Nˆ(β) = e−β(nˆ1+nˆ2) is a function of total
photon number, nˆ1 + nˆ2, which is conserved by a beam-
splitter. The joint damping operator commutes trivially
through the beamsplitter in Eq. (3.27), and single-mode
damping operators can then be bounced trivially to the
final mode, since nˆT = nˆ follows from Eq. (2.18). The
resulting circuit identity is
B↓
N(β) |ψ〉
N(β) |φ〉
=
N(β) 1√piA(ψ, φ) N(β)
(3.27)
Using this result in the macronode gadget, Eq. (3.2),
gives the final Kraus operator
Kˆ(ma,mb) =
1
pi
√NφNψ Nˆ(β)Aˆ(ψ, φ)Nˆ(β)Vˆ (θa, θb)Dˆ(µ).
(3.28)
We emphasize here that this Kraus operator is a specific
case of the general one derived above, Eq. (3.14), useful
for situations when the ancillae states can be expressed
as in Eq. (3.25).
IV. APPLICATION: GKP ERROR
CORRECTION IN THE MACRONODE WIRE
In its standard implementation, macronode-based
quantum computing is used to perform Gaussian oper-
ations on an input state as it is teleported down the
macronode wire [6]. Momentum and position quadra-
ture eigenstates at the ancillae realize the intended Gaus-
sian operation: Vˆ (θa, θb)Dˆ(µ). Such ancillae states con-
tain infinite energy and are not normalizable; in physical
settings, finitely squeezed approximations to them are
used. Pure squeezed states at the ancillae, described by
Eq. (3.22), yield the Kraus operator
Kˆ(ma,mb) =
1
piNζ Nˆ(2β)Vˆ (θa, θb)Dˆ(µ). (4.1)
Finite-squeezing noise, originating in the ancillae and
generated by Nˆ(2β), accompanies the Gaussian opera-
tion at each macronode. From a wavefuntion perspec-
tive, this noise describes an equal blurring in position and
momentum [6, 7]. Given a sufficient number of telepor-
tation steps, this noise overwhelms the process entirely,
and any trace of the input state is wiped out. Further, a
strict no-go theorem establishes that no procedure based
on Gaussian operations can be used to correct this noise
[48].
The finite-squeezing noise that builds up through
macronode teleportation (as well as other types of noise)
can be dealt with using bosonic codes [49–54], which
encode digital quantum information in the continuous
Hilbert space of a mode. We focus on the Gottesman-
Kitaev-Preskill (GKP) encoding of qubit into a mode
[28], whose states and structure are given below. Im-
portant is the direct compatibility of the GKP code with
the macronode wire (as well as with more sophisticated
macronode protocols [20]), due to the fact that encoded
Clifford gates and Pauli measurements are respectively
realized by Gaussian unitaries and homodyne detection.
Further, Gaussian operations suffice for universality and
fault tolerance [29, 30]. We show here that using GKP
states as ancillae at various locations in a macronode wire
performs GKP error correction, which projects built-up
CV errors into potential logical errors.
A. The GKP encoding
For use in defining the GKP encoding, we first define
a Dirac comb with spacing between spikes (period) of T
as
XT (s) :=
√
T
∞∑
n=−∞
δ(s− nT ) . (4.2)
The normalization of a Dirac comb is convenient because
its Fourier transform takes the form,
F [XT ](t) =
√
2pi
T
∞∑
n=−∞
δ
(
s−n 2piT
)
=X2pi/T (t) , (4.3)
with the Fourier transform defined as
F [f ](t) := 1√
2pi
∫ ∞
−∞
ds e−istf(s). (4.4)
Scaling the argument of a Dirac comb by a real number a
gives a relation between Dirac combs of different period,
XT (as) = 1√aXT/a(s) , (4.5)
which follows using δ(as) = 1aδ(s).
The ideal square-lattice GKP encoding for a qubit con-
sists of two computational-basis states given by
|jGKP〉 :=
∫
dsX2√pi(s+ j
√
pi)|s〉q (4.6)
=
√
2pi1/4
∞∑
n=−∞
|(2n+ j)√pi〉q , (4.7)
with j ∈ {0, 1}. These states span a two-dimensional sub-
space, allowing a GKP qubit to be encoded as |ψGKP〉 =
c0 |0GKP〉+ c1 |1GKP〉. The position-space wavefunctions
for the states |jL〉 are
ψj,GKP(s) =X2√pi(s+ j
√
pi), (4.8)
using the definition above for XT . This allows us to
write the momentum-space wave functions for the com-
putational basis states in Eq. (4.6) as
ψ˜j,GKP(t) = F [ψj,GKP](t) = e−ij
√
pitX√pi(t), (4.9)
9which are Dirac combs with half the period of those in
Eq. (4.8) and whose teeth have alternating phase for |1L〉.
Therefore, we have the momentum expansion
|jGKP〉 =
∫
dt e−ij
√
pitX√pi(t)|t〉p (4.10)
= pi1/4
∞∑
n=−∞
(−1)jn|n√pi〉p (4.11)
From these expressions, position and momentum wave-
functions for the dual-basis logical states, |±GKP〉 :=
1√
2
( |0GKP〉± |1GKP〉 ), can be constructed. Importantly,
the two-dimensional projector onto the GKP subspace is
ΠˆGKP := |0GKP〉〈0GKP|+ |1GKP〉〈1GKP| , (4.12)
and can likewise be constructed from the dual-basis code-
words |±GKP〉.
A key feature of the square-lattice GKP code is
that the Fourier transform operator Fˆ (a phase delay,
Eq. (2.6), by pi2 ) executes a logical Hadamard gate within
the codespace. This is a result of the choice of spike
period T = 2
√
pi for the position wavefunctions of the
computational-basis states, Eq. (4.8). By choosing a dif-
ferent period, T =
√
2pi, we define another useful state,
|∅〉 :=
∫
dsX√2pi(s)|s〉q =
∫
dtX√2pi(t)|t〉p . (4.13)
The identical periodic structure in both position and mo-
mentum means that |∅〉 is invariant under a Fourier
transform, Fˆ |∅〉 = |∅〉. This state was proposed in
Duivenvoorden et al. [55] as a sensor to simultaneously
detect small shifts in position and momentum. We focus
on its quantum information properties and refer to |∅〉
as a qunaught state (in analogy to and with similar pro-
nunciation as a "qubit") due to the fact that it defines
a one-dimensional subspace and carries no quantum in-
formation.4 Nevertheless, qunaught states serve as the
resource for error correcting the square-lattice GKP code
in the teleportation gadget, Eq. (3.2), as we show below.
1. GKP Bell pairs
The GKP-encoded version of the qubit Bell state is
|Φ+GKP〉 := 1√2
( |0GKP〉 ⊗ |0GKP〉+ |1GKP〉 ⊗ |1GKP〉 ).
(4.14)
4 One can, of course, define a rectangular GKP code for any spike
spacing T in the computational-basis codewords. In this case,
executing a Hadamard gate typically requires both a Fourier
transform and squeezing. Our focus here is the square-lattice
code only.
(a) (b)
Figure 3. Generation of a GKP Bell pair by mixing two
qunaught states, Eq. (4.13), on a beamsplitter. Shown in
both figures is the two-mode position-position wavefunction,
where each dot is a two-dimensional δ-function. (a) Prod-
uct state of two qunaughts, |∅〉⊗ |∅〉. (b) Encoded GKP Bell
state, Eq. (4.16), generated after the qunaughts are entangled
by the beamsplitter, which simply rotates the position-space
wavefunction shown in (a) by pi/4 in the (q1, q2)-plane. This
GKP Bell state is a sum of two product states, |0GKP〉⊗|0GKP〉
and |1GKP〉 ⊗ |1GKP〉, indicated in red and blue, respectively.
This state can be constructed on a beamplitter using two
qunaught states, Eq. (4.13). First, we recognize that a
pure state can be expressed as
|ψ〉 =
∫
ds ψ(s)|s〉q = ψ(qˆ)
∫
ds |s〉q =
√
2piψ(qˆ) |0〉p ,
(4.15)
where ψ(s) is the position wavefunction and
∫
ds|s〉q =√
2pi|0〉p. Using this relation and the beamsplitter trans-
formation on the position operators, qˆ± = 1√2 (qˆ1± qˆ2) in
Eq. (2.2), allows us to express the state as
Bˆ12 |∅〉 ⊗ |∅〉
= 2piX√2pi(qˆ+)X√2pi(qˆ−)|0〉p ⊗ |0〉p
=
2pi√
2
1∑
j=0
X2√pi(qˆ1 + j
√
pi)X2√pi(qˆ2 + j
√
pi)|0〉p ⊗ |0〉p
= |Φ+GKP〉 . (4.16)
The generation of this state is shown graphically in
Fig. 3. The beamsplitter rotates the two-mode state in
the (q1, q2)-plane by pi/4, and the result is described by
a sum of two separate lattices, each with Dirac-comb-
period 2
√
pi. The direct connection to a GKP Bell pair
is found using Eq. (4.6).
2. Approximate GKP states
Ideal GKP states, including the computational ba-
sis states in Eq. (4.6), are unphysical, unnormalizable
states. Physical approximations to these states replace
each spike in the position wavefunction [Eq. (4.8)] with
a sharp Gaussian, and then damp spikes far from the
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(a) (b)
Figure 4. Position wave functions for logical-0 (red) and
logical-1 (blue) GKP states. (a) Ideal GKP states. (b) Ap-
proximate GKP states with squeezing sGKP = 18.6 dB.
origin with a broad Gaussian envelope.5 This can be
modeled mathematically by applying the damping oper-
ator, Eq. (3.21), to the ideal states, which has the added
benefit of treating the momentum wavefunction in an
egalitarian way. The resulting approximate GKP states
are
|j¯GKP〉 = 1√Nj,GKP Nˆ(β) |jGKP〉 . (4.17)
The damping spoils the strict orthogonality of the code-
words, 〈0¯GKP|1¯GKP〉 6= 0, which is a generic feature
of various other physical bosonic codes, such as cat
codes [58]. Applying the damping operator to the GKP
codespace projector, Eq. (4.12), gives the (unnormalized)
quasi-projector onto the subspace spanned by the ap-
proximate codewords,
ΠˆGKP :=Nˆ(β)
( |0GKP〉〈0GKP|+ |1GKP〉〈1GKP| )Nˆ(β)
=N0,GKP |0¯GKP〉〈0¯GKP|+N1,GKP |1¯GKP〉〈1¯GKP| .
(4.18)
which, in the limit of β → 0, becomes the ideal GKP
subspace projector.6
For small damping β  1, the normalized position-
space wavefunction for these states is [56, 57]
ψ¯j,GKP(s) ≈
√
2
pi1/4
e−
κ2s2
2
∞∑
n=−∞
e−
(s−(2n+j)√pi)2
2∆2 , (4.19)
where the parameters that define the quality of a GKP
state, the spike variance ∆2 and the envelope variance
κ−2 [28], are related to the damping factor by
∆2 = κ2 = β. (4.20)
Figure 4 shows |0¯GKP〉 (solid) and |1¯GKP〉 (dashed) for
β = 13.8 × 10−3 corresponding to GKP squeezing of
sGKP = 18.6 dB by the relation: sGKP = −10 log10(∆2).7
5 There are many other ways to approximate ideal GKP states,
see Ref. [56, 57] for more details.
6 For β 6= 0, the operator ΠˆGKP is not a projector, because Πˆ2GKP
is not proportional to the identity due to the non-orthogonality
of the approximate GKP codewords.
7 Note that sGKP < 0 is squeezed and sGKP > 0 is anti-squeezed
(with respect to vacuum).
B. Teleportation-based GKP error correction
The goal of GKP error correction is to eliminate CV-
level noise that has corrupted an encoded state through
a procedure that projects the noisy state back into the
GKP codespace. Sources of noise include displacements
[28], thermal noise including pure loss [59], dephasing
[60], and inherent finite-squeezing noise that is particu-
larly relevant in CVCS settings [7]. In Steane-style GKP
error correction, the noisy encoded state is coupled to
a GKP ancilla, which is measured in the q basis (using
homodyne detection). The process is repeated with an-
other GKP ancilla for the p basis. The two measurement
outcomes (referred to together as the syndrome) are fed
into a decoder that provides a recovery map consisting
of shifts in position and momentum that, when actively
performed, restore the GKP subspace [28, 61].
In CVCS settings, Gaussian finite-squeezing noise ac-
cumulates as an encoded state and teleports from node
to node [6]. It was shown that fault tolerance in canon-
ical CVCS quantum computing is possible by periodi-
cally performing Steane-style GKP error correction [7].
However, canonical CVCS and associated GKP error cor-
rection require two-mode entangling operations of the
form eigqˆ⊗qˆ, which are hard to realize because they re-
quire active squeezing. Experimentally accessible CVCS
are those used in macronode-CVCS QC, where the cou-
pling requires only passive components—beamsplitters
and phase delays.
We show here that CV Knill-style error correction, in
which error correction proceeds by teleporting the in-
put state through two bosonically encoded ancillae [29],
performs the recovery map automatically, with the syn-
drome used purely to determine the likelihood and type of
logical-level error [54]. In fact, pre-measuring the |0GKP〉
ancillae (and performing shifts accordingly) in the canon-
ical CVCS construction of Ref. [7] embeds them directly
inline (with a Fourier transform applied). This can be
seen in the following depiction,
measure 
GKP modes
, (4.21)
where empty circles are modes in squeezed momentum
states, non-empty circles are modes in GKP states, and
lines between modes are eiqˆ⊗qˆ gates. Since the measure-
ments on this circuit can be performed in any order, the
procedure in Ref. [7] can be interpreted as either Steane-
or Knill-style error correction.
Importantly, we show here that Knill-style
teleportation-based error correction is directly com-
patible with macronode-based protocols, which use
experimentally accessible CVCS. Further, we show
that the GKP states for error correction need not be
placed adjacent to one another in the cluster state, a
flexibility that is crucial for experimental settings with
probablistically generated GKP states.
11
1. GKP error correction on the macronode wire
To demonstrate how the Kraus operator in Eq. (3.28)
can be used for GKP error correction on the macron-
ode wire, we first consider the ideal case, β = 0, with
qunaught states for both |ψ〉 and |φ〉. Using the qunaught
wavefunctions in the expression for the teleported gate,
Eq. (3.10), gives
Aˆ(∅,∅) =
∫∫
d2αX√2pi(αR)X√2pi(αI)Dˆ(α) . (4.22)
This expression can be brought into a convenient form
by decomposing the displacement operator into position
and momentum shifts with Eq. (2.21), recognizing that
the resulting phase is trivial for qunaught wavefunctions,
and then rewriting the two resulting integrals using the
Fourier relations,
ψ(qˆ) =
1√
2pi
∫
dsF [ψ](s)Zˆ(s) (4.23a)
F [ψ](pˆ) = 1√
2pi
∫
dsψ(s)Xˆ(s) . (4.23b)
After these manipulations, the operator in Eq. (4.22) is
revealed to be the square-lattice GKP projector,
Aˆ(∅,∅) = pi
√
2X√pi(pˆ)X√pi(qˆ) (4.24a)
= pi
√
2X√pi(qˆ)X√pi(pˆ) (4.24b)
=
√
pi
2
ΠˆGKP . (4.24c)
The final line is shown by expanding either of the previ-
ous lines usingXT (qˆ) =
√
T
∑
n δ(qˆ − nT ), where
δ(qˆ − nT ) = |nT 〉qq〈nT | , (4.25)
and an analogous expansion forXT (pˆ). Then, with T =√
pi, we see that
X√pi(qˆ)X√pi(pˆ) =
1
2
√
pi
ΠˆGKP , (4.26)
that is, these operators combine to form the GKP pro-
jector [29] (up to an overall factor).
Inserting Eq. (4.24) into the general form for the Kraus
operator, Eq. (3.14), with β = 0 gives the Kraus operator
for macronode-based GKP error correction,8
KˆGKP(ma,mb) =
1√
2pi
ΠˆGKPVˆ (θa, θb)Dˆ(µ). (4.27)
This expression shows that after the outcome-dependent
displacement Dˆ(µ) and basis-dependent Gaussian oper-
ation Vˆ (θa, θb) [Eq. (2.8)], the state is projected into the
GKP subspace. The whole gadget can be interpreted as
teleporting through a square-lattice GKP Bell pair [29],
Eq. (4.14), with additional damping when the ancillae
are imperfect, as we show below.
8 The factor preceding the GKP projector is a consequence of our
chosen normalization for ideal GKP states, Eqs. (4.7) and (4.11).
2. Approximate qunaught ancillae
In physical settings, the qunaught ancillae contain
finite-squeezing noise, which we model as damped ideal
qunaught states,
|∅¯〉 := 1√N∅ Nˆ(β) |∅〉 , (4.28)
with normalization factor,
N∅ := 〈∅| Nˆ(2β) |∅〉 , (4.29)
using the damping operator Nˆ(β) in Eq. (3.21). We then
use the circuit identities above to write the beamsplitter
entangled state as joint damping on a GKP Bell pair,
B↓
|∅¯〉 N−1/2∅ N(β)
B↓
|∅〉
|∅¯〉
=
N−1/2∅ N(β) |∅〉
(4.30)
The macronode Kraus operator for this situation is ob-
tained by making the replacement ,
ΠˆGKP → 1N∅ Nˆ(β)ΠˆGKPNˆ(β) =
1
N∅ ΠˆGKP , (4.31)
in the ideal Kraus operator KˆGKP(ma,mb), Eq. (4.27),
and ΠˆGKP is given in Eq. (4.18).
The GKP error-correction Kraus operator transforms
an arbitrary input pure state |Ψ〉 traversing the tele-
portation gadget via the Kraus map in Eq. (3.3). For
damped qunaught ancillae—that is, using the Kraus op-
erator when Eq. (4.31) is used with Eq. (4.27)—results
in the GKP-encoded state,
|ΨGKP〉 = c0 |0¯GKP〉+ c1 |1¯GKP〉 (4.32)
whose qubit coefficients are given by
cj =
1√
Pr(ma,mb)
Nj,GKP√
2piN∅
〈j¯GKP| Vˆ (θa, θb)Dˆ(µ) |Ψ〉 ,
(4.33)
and the joint probability of obtaining the outcomes,
Pr(ma,mb), is given by Eq. (3.4). The input state is
actively projected into the GKP subspace, and the syn-
drome information (the two homodyne measurement out-
comes) is used by a GKP decoder to determine the likeli-
hood of a logical error. Effectively, this is a projection of
excess CV noise into GKP-logical noise. The benefit of a
teleportation-based approach to error correction is that
no explicit recovery operations are needed to restore the
GKP subspace. For the case of no damping, β → 0, the
ratio of normalization factors in Eq. (4.33) disappears,
and the projection is onto the ideal, orthogonal GKP
states |jGKP〉.
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3. Partial GKP error correction
From Eqs. (4.24), we see that using qunaught states
for both ancillae yields a separable operation: a pro-
jection in
√
pi-periodic position followed by a projection
in
√
pi-periodic momentum that together form the GKP
codespace projector. Interpreted logically, each of these
projections corresponds to measurement and recovery of
one of the two GKP stabilizers. Here, we show that each
of these projections can take place separately, such that
half of GKP error correction can occur at one macron-
ode and the other half at another macronode—i.e. the
periodic q projection and then, later, the periodic p pro-
jection. This is particularly useful for practical imple-
mentations of GKP error correction using probabilistic
sources of GKP states.
We consider two new cases, indicated graphically in
Fig. 5: (A) only mode a is prepared in a qunaught state,
and (B) only mode b is prepared in a qunaught state. The
non-qunaught mode is either a momentum-squeezed (A)
or a position-squeezed (B) state following the standard
macronode procedure. The case (AB) where both an-
cillae modes are qunaught states is considered above in
Sec. IVB1. The respective wave functions for the ancil-
lae, ψ˜(αI) and φ(αR), to be used in Eq. (3.10) for each
case are given in the table in Fig. 5. The case (A) Kraus
operator performs partial GKP error correction in the p
quadrature,
KˆGKP,A(ma,mb) =
2
1
4√
pi
X√pi(pˆ)Vˆ (θa, θb)Dˆ(µ) , (4.34)
and the case (B) Kraus operator performs partial GKP
error correction in the q quadrature,
KˆGKP,B(ma,mb) =
2
1
4√
pi
X√pi(qˆ)Vˆ (θa, θb)Dˆ(µ) . (4.35)
Each Kraus operator acts as a “filter” on the input state in
either
√
pi-periodic momentum or position, respectively.
For measurement bases chosen such that Vˆ (θa, θb) = Iˆ
and displacements Dˆ(µ) at each macronode accounted
for by active corrective shifts, the two partial GKP error
corrections can occur at separated macronodes. For ideal
quadrature eigenstates and qunaught states, i.e., neither
contains finite-squeezing noise, the result is ideal GKP
error correction.
We model physical states at the ancillae with damped
qunaught states, Eq. (4.28), and squeezed states de-
scribed by Eq. (3.22) as approximate quadrature eigen-
states. For both types of state, we assume that the damp-
ing is equal so the damping operators can be extracted
and the remaining qunaught and quadrature eigenstates
treated as ideal.
The circuit identity for case (A) is
B↓
|0; ζ〉p N−1/2ζ N(β)
B↓
|0〉p
|∅¯〉
=
N−1/2∅ N(β) |∅〉
(4.36)
local mode
beamsplitter
macronode
qunaught state
 (A)  (B)  (AB)
 a
 b
Case (A) Case (B) Case (AB)
φ(αR) X√2pi(αR) δ(αR) X√2pi(αR)
ψ˜(αI) δ(αI) X√2pi(αI) X√2pi(αI)
Figure 5. Potential qunaught sites for GKP error correction.
A macronode wire is depicted with the possible locations for
qunaught states at either mode a (A) or b (B) within a tele-
portation gadget. When qunaught states are placed at both
modes, they comprise a GKP Bell pair shared between adja-
cent macronodes (AB). The table shows the momentum and
position wave functions to be used in the Kraus operator,
Eq. (3.14), for each case.
and the Kraus operator performs partial GKP error cor-
rection in the p quadrature,
X√pi(pˆ)→=
1√N∅Nζ Nˆ(β)X√pi(pˆ)Nˆ(β) . (4.37)
Similarly, for case (B), the circuit identity is
B↓
|∅¯〉 N−1/2∅ N(β)
B↓
|∅〉
|0; ζ〉q
=
N−1/2ζ N(β) |0〉q
(4.38)
and the associated Kraus operator performs partial GKP
error correction in the q quadrature,
X√pi(qˆ)→=
1√N∅Nζ Nˆ(β)X√pi(qˆ)Nˆ(β) . (4.39)
The benefit of performing full GKP error correction util-
ising a GKP Bell pair is simply that there is no buildup
of finite-squeezing noise (and potential external noise)
between the two partial GKP error corrections.
V. APPLICATION: GKP ERROR
CORRECTION IN MACRONODE LATTICES
Above we analyzed the teleportation-gadget Kraus op-
erator when one or more modes are prepared in the
GKP qunaught state |∅〉. By combining this operator
with the usual measurement-based evolution with Gaus-
sian resource states, we can describe a hybrid resource
state made up of both Gaussian and non-Gaussian parts.
These results can be generalized to other CV cluster
states made from two-mode CV cluster states and 50:50
beamsplitters.
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All multidimensional macronode CV cluster states pro-
posed in Refs. [2, 3, 5, 14, 15, 17] can be constructed
by arranging two-mode cluster states in a higher dimen-
sional geometry and then producing a fully connected re-
source by applying a local constant-depth circuit of 50:50
beamsplitters. In all of these cases, the resulting lat-
tices contain embedded macronode wires that are used
to implement single-mode gates. Said another way, each
such cluster state is equivalent to a collection of macron-
ode wires coupled via additional 50:50 beamsplitters. By
choosing homodyne measurements appropriately, some
of these beamsplitters can be “cancelled out,” produc-
ing local regions in the lattice that are literally equiva-
lent to a macronode wire. Details can be found in the
references above. The upshot is that teleportion-based
GKP error correction, described in Sec. IVB, has appli-
cations in all of the higher dimensional macronode-based
architectures known to date. This combines the single-
mode Gaussian gates and GKP error correction of a sin-
gle macronode wire with the ability to implement mul-
timode Gaussian unitary gates, resulting in a universal
set of resources [29] via passive linear optics and offline
preparation of squeezed vacuum and GKP |∅〉 states.
VI. CONCLUSION
We have presented the Kraus operator for CV gate
teleportation based on teleporting through a class of en-
tangled states that are prepared on a beamsplitter. The
teleported gate depends on the ancilla states at the beam-
splitter, which themselves can be non-Gaussian, enabling
implementation of teleported non-Gaussian operations.
Our analysis focuses on the macronode wire, but it is di-
rectly mappable onto higher-dimensional macronode CV
cluster states because all known macronode cluster states
are equivalent to a collection of macronode wires coupled
via additional 50:50 beamsplitters.
We use the derived formalism to propose a
teleportation-based scheme for GKP error-correction re-
quiring only constant-depth linear optics to implement,
removing the requirement of previous work on active
squeezing operations. Further, the GKP qunaught re-
source states need not be deterministically available.
This simplifies the implementation of practical GKP er-
ror correction—the final ingredient needed by CV clus-
ter state architectures for universal and fault-tolerant
computation—bringing it in line with the experimentally
available resources.
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